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Abstract
We study the cosmological predictions of two recently proposed non-local mod-
ifications of General Relativity. Both models have the same number of parameters
as ΛCDM, with a mass parameter m replacing the cosmological constant. We imple-
ment the cosmological perturbations of the non-local models into a modification of the
CLASS Boltzmann code, and we make a full comparison to CMB, BAO and supernova
data. We find that the non-local models fit these datasets as well as ΛCDM. For both
non-local models parameter estimation using Planck +JLA+BAO data gives a value
of H0 higher than in ΛCDM, and in better agreement with the values obtained from
local measurements.
1Based on observations obtained with Planck (http://www.esa.int/Planck), an ESA science mission
with instruments and contributions directly funded by ESA Member States, NASA, and Canada.
ar
X
iv
:1
41
1.
76
92
v1
  [
as
tro
-p
h.C
O]
  2
7 N
ov
 20
14
1 Introduction
The observational evidence for the accelerated expansion of the Universe [1,2] has stimu-
lated renewed interest in modifications of General Relativity (GR). A possible approach,
which has been suggested by different lines of investigations, is to add some non-local
terms to GR. Non-locality in this case should not be considered as fundamental. In many
physical situations non-local terms emerge from a fundamental local theory, by a classical
or a quantum averaging process. For instance, non-local (but causal) effective equations
govern the dynamics of the in-in matrix elements of quantum fields, and encode ultraviolet
(UV) quantum corrections to the classical dynamics [3,4]. The cosmological consequences
of non-local UV effects have been recently studied e.g. in [5–8]. UV effects are however
expected to be relevant only in the large-curvature regime, so for instance for the issue
of smoothing the big-bang singularity, but should not be cosmologically relevant in the
present epoch. Non-local modifications of GR are however also expected to emerge from
infrared (IR) corrections to the effective field equations. These are indeed known to be-
come potentially large in quantum field theory in curved space, most notably in de Sitter,
which is the most studied case, see e.g. [9–20], and therefore they can potentially modify
the long-distance behavior of GR.
Ultraviolet corrections in quantum field theory in curved space are by now well un-
derstood, as summarized in textbooks such as [21]. The situation for IR effects in curved
space is much more complicated. Often, they manifest themselves through secularly grow-
ing terms in back-reaction computations. Such terms signal the onset of an instability,
but it is typically beyond the present technology to follow the fate of the instability when
the back-reaction becomes large, and to compute from first principles a corresponding
effective (and in general non-local) equation of motion that describes these effects. While
a better understanding of infrared effects in curved space would be highly desirable, a
simpler phenomenological attitude is to postulate a non-local modification of GR which
involves inverse powers of the d’Alembertian, and therefore becomes relevant in the IR,
and to study its cosmological consequences. Eventually such a program will only be suc-
cessful if one will be able to derive such non-local terms from first principles. However, a
first step can be to understand what sort of non-local terms can give rise to an interesting
cosmology. Identifying a non-local model that works well with respect to the cosmologi-
cal observations would be of great help in understanding how to derive such an effective
theory from fundamental principles (much as understanding the structure of the Fermi
theory of weak interactions at low energies was instrumental for building the Standard
Model, several decades afterwards).
In this spirit, in recent years there have been many investigations of non-local modifica-
tions of GR. For instance, non-local operators appear in the degravitation proposal [22,23],
where the insertion in the Einstein equations of an operator of the form (1−m2/2) was
argued to have a screening effect on the cosmological constant (see also [24]). Non-local
long-distance modifications of GR have been suggested in [25–28]. Constructing a non-
local model that produces a dynamical dark energy and fits well the observations is however
quite non-trivial. For instance, in recent years much attention has been devoted to a non-
local cosmological model proposed in [29] (see [30–41]). This model is based on the addition
of a term of the form Rf(2−1R) to the Einstein-Hilbert action, where R is the Ricci scalar.
The function f(X) was chosen to obtain a viable cosmology for the background evolution.
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The result turns out to be not very natural, f(X) = a1[tanh(a2Y + a3Y
2 + a4Y
3) − 1],
where Y = X + a5, and a1, . . . a5 are coefficients fitted to the observed expansion history.
More importantly, once the function f(X) is fixed in this way, one can compute the cos-
mological perturbations and it turns out that this model is ruled out with great statistical
significance, at 7.8σ from redshift space distortions, and at 5.9σ from weak lensing [40]. A
different non-local approach, which appears to be phenomenologically successful, has been
recently developed by our group [42–50] and further discussed in [51–54]. In its simplest
form, it is based on the action [47]
SNL =
1
16piG
∫
d4x
√−g
[
R− 1
6
m2R
1
22
R
]
. (1.1)
Integrating by parts the 2−1 operator, this non-local action can be rewritten as
SNL =
1
16piG
∫
d4x
√−g
[
R− 1
6
m2f(2−1R)
]
, (1.2)
where f(X) = X2. This model works well, compared to cosmological observations, both at
the level of background evolution and at the level of cosmological perturbations. The fact
that this success is obtained with the simple choice f(X) = X2, rather than with a highly
fine-tuned function, certainly makes the model stand out for its simplicity. Nonetheless,
it is important to explore also different related non-local models, to see to what extent
one can extract general predictions. From this point of view, a first useful observation is
that models involving tensor non-localities, e.g. involving terms such as Rµν2
−2Rµν in
the action, or terms 2−1Rµν in the equations of motion, do not provide a viable cosmo-
logical evolution already at the background level, since they are plagued by fatal run-away
instabilities [39,45,47,51]. This restricts significantly the class of viable models, and pro-
vides potentially useful indications for the construction of the corresponding fundamental
theory.
To understand how much the results depend on our choice of a specific model, in our
previous studies we have compared the model (1.1) to another non-local model, which is
defined directly at the level of equations of motion, by [43]
Gµν − 1
3
m2
(
gµν2
−1R
)T
= 8piGTµν , (1.3)
where the inverse of the d’Alembertian is defined with the retarded Green’s function, and
the superscript “T” denotes the extraction of the transverse part of a tensor (which is itself
a non-local operation). The extraction of the transverse part ensures that the left-hand
side of Eq. (1.3) has zero divergence, and therefore Tµν is automatically conserved. While
the model defined by Eq. (1.1) corresponds to the simplest possible action in this class,
the model (1.3) provides the most compact equation of motion, so in a sense they are both
selected by simplicity. These two models are also related by the fact that, when linearizing
the equations of motion derived from the action (1.1) around flat space, one finds the same
equations of motion as those obtained by linearizing Eq. (1.3) [47]. However, beyond the
linear level in an expansion over Minkowski space, or for generic backgrounds (such as
FRW), the equations of motion of the two theories are different.
In the end, if the comparison with the data should eventually point toward the cor-
rectness of a non-local model of this sort, it might also point toward the necessity of
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refining it. It must certainly be borne in mind that our quantitative results are in any
case specific to the models that we use. Ideally, one would like to eventually derive the
non-local model from first principles, and this should select the exact non-local structure.
The purely phenomenological approach that we rather take here could help in identifying
a promising non-local structure, paving the way for a first-principle approach.
In our previous studies of the models (1.1) and (1.3) we found that they give qual-
itatively similar cosmological predictions [43, 47, 48]. In particular, in both models the
non-local term effectively acts as a dynamical dark energy (DE), that can explain the
present acceleration of the Universe. Furthermore, for very general reasons they both pre-
dict a phantom DE equation of state. Numerical details of course differ. After fixing the
mass m so as to reproduce the observed value of ΩDE, the model (1.1) predicts that, today,
wDE ' −1.14, while Eq. (1.3) predicts wDE ' −1.04. Since cosmological perturbations
in the DE sector are mostly proportional to (1 + wDE), we also generically find that the
predictions of the model (1.3) are intermediate between that of model (1.1) and that of
ΛCDM.
The aim of this paper is to perform a detailed comparison of these non-local models
with cosmological observations. We will refer to them as the “R2−2R model” and the
“gµν2
−1R model”, respectively. For the gµν2−1R model, cosmological perturbations have
already been worked out in [48, 52]. In particular, Nesseris and Tsujikawa [52] showed
that the gµν2
−1R model is consistent witn SNe (Union 2.1), BAO, CMB and growth
rate data. However for the CMB they only used the Planck CMB shift parameters and
did not implement the model in a Boltzmann code. For the R2−2R model, cosmological
perturbations have been worked out in [48], where again consistency with SN and structure
formation data was found. However, an accurate comparison with CMB data requires to
implement the cosmological perturbations of these models in a Boltzmann code. We have
now implemented the cosmological perturbations of both non-local models in a Boltzmann
code, modifying the CLASS code [55–58]. In this paper we present an accurate comparison
of these models with CMB, SNe, BAO and HST data. We perform parameter estimation
for these models, and we compare their goodness of fit to that of ΛCDM, using the Markov
Chain Monte Carlo (MCMC) code Montepython v2.1.0 [59]. In this paper we present the
main results of this analysis. A more extended discussion will be presented elsewhere.
Param ΛCDM gµν2
−1R R2−2R
100 ωb 2.201
+0.028
−0.029 2.204
+0.028
−0.03 2.207
+0.029
−0.029
ωc 0.1194
+0.0027
−0.0026 0.1195
+0.0026
−0.0028 0.1191
+0.0027
−0.0028
H0 67.56
+1.2
−1.3 68.95
+1.3
−1.3 71.67
+1.5
−1.5
109As 2.193
+0.052
−0.06 2.194
+0.048
−0.062 2.198
+0.053
−0.059
ns 0.9625
+0.0072
−0.0074 0.9622
+0.007
−0.0081 0.9628
+0.0074
−0.0073
zre 11.1
+1.1
−1.1 11.1
+1.1
−1.2 11.16
+1.2
−1.1
χ2min 9801.7 9801.3 9800.1
Table 1: 68% limits for the cosmological parameters of ΛCDM and of the two non-local
models, using the Planck CMB data only. The last row gives the minimum chi-square of
the best fit. H0 is in units of km s
−1Mpc−1.
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Param ΛCDM gµν2
−1R R2−2R
100 ωb 2.215
+0.025
−0.025 2.207
+0.024
−0.025 2.197
+0.024
−0.025
ωc 0.1175
+0.0015
−0.0014 0.1188
+0.0014
−0.0014 0.1204
+0.0014
−0.0013
H0 68.43
+0.61
−0.69 69.3
+0.68
−0.66 70.94
+0.74
−0.7
109As 2.199
+0.055
−0.062 2.196
+0.052
−0.065 2.192
+0.051
−0.061
ns 0.9668
+0.0055
−0.0054 0.9636
+0.0052
−0.0055 0.9599
+0.0052
−0.0051
zre 11.33
+1.1
−1.1 11.18
+1.1
−1.2 11.00
+1.1
−1.2
χ2min 10485.5 10485.0 10488.7
Table 2: As Table 1, using Planck +JLA+BAO data.
Param ΛCDM gµν2
−1R R2−2R
100 ωb 2.222
+0.025
−0.025 2.212
+0.024
−0.025 2.202
+0.023
−0.024
ωc 0.117
+0.0014
−0.0014 0.1182
+0.0013
−0.0014 0.1201
+0.0013
−0.0013
H0 68.72
+0.61
−0.63 69.60
+0.66
−0.63 71.14
+0.72
−0.69
109As 2.202
+0.053
−0.067 2.198
+0.053
−0.059 2.195
+0.053
−0.058
ns 0.9679
+0.0052
−0.0054 0.9649
+0.0052
−0.0056 0.9607
+0.0051
−0.0050
zre 11.39
+1.1
−1.3 11.25
+1.1
−1.1 11.05
+1.1
−1.1
χ2min 10488.9 10487.3 10489.3
Table 3: As Table 1, adding to Planck +JLA+BAO also the HST value H0 = 73.0± 2.4.
2 Results
We use as datasets the CMB data from the Planck 2013 data release [60], type-Ia super-
novae from JLA [61], and BAO data from BOSS [62] and 6dF [63]. As a set of cosmological
parameters we vary in our analysis the baryon density today ωb = Ωbh
2
0, the cold dark
matter density ωc = Ωch
2
0, the Hubble parameter today H0 = h0(100 km s
−1Mpc−1), the
amplitude of scalar perturbation As, the scalar spectrum index ns and the redshift at
which the Universe is half-reionized zre. In ΛCDM the dark energy density ΩΛ is a derived
parameter, fixed by the flatness condition. Similarly, in our model the mass parameter m2
is a derived parameter, fixed again from the condition Ωtot = 1. The non-local models and
ΛCDM therefore have the same set of free parameters, which facilitates their comparison.
Table 1 shows the mean values with the 1σ errors for these parameters, obtained
from our MCMC using the Planck data only. In Table 2 we show the results obtained
combining Planck, JLA and BAO. Our values for ΛCDM are in agreement, within the
statistical error, with those reported in [60]. We see from the tables that the gµν2
−1R
case gives intermediate predictions between ΛCDM and the R2−2R model. Fig. 1 shows
the separate 1σ and 2σ contours for CMB, BAO and SNe in the plane (H0,Ωc). We notice
that for the gµν2
−1R model these dataset are fully consistent, while in the R2−2R model
there is a slight tension between CMB and SN data, which explains the higher χ2 for this
model in Table 2 (although even for this model the datasets are in agreement within 2σ).
In Fig. 2 we show the marginalized likelihood for ωb, ωc, ns and H0, while in Fig. 3 we
show the 1σ and 2σ contours of the likelihood function in the (H0, ωc) plane, for ΛCDM and
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for the two non-local models. Among the various parameters, the most significant differ-
ence is inH0, which in both non-local models is higher than in ΛCDM. Local measurements
of H0 from the HST give H0 = 73.8±2.4 (in units of km s−1Mpc−1) [64], or H0 = 73.0±2.4
after the recalibration to NGC 4258 in [65], while [66] gives H0 = 74.3±1.5(stat)±2.1(sys).
At present there is no consensus on whether these high values are due to unaccounted sys-
tematics in the SN data [67], statistical fluctuations [68], or an indication of deviations
from ΛCDM. In any case, it is interesting to observe that in the non-local models, us-
ing only the Planck +JLA+BAO dataset (so, without including HST), H0 automatically
comes out higher. Thus, including also the HST value in the fit tends to favor the non-local
models over ΛCDM. In Table 3 we show the results of adding to the Planck +JLA+BAO
dataset also the HST value H0 = 73.0 ± 2.4, chosen just as an example of the impact of
a high value. We see that the χ2 for the three model are quite comparable, with a slight
preference for the gµν2
−1R model.
Finally, in Fig. 4 we show the best-fit prediction for the CMB multipoles. It is in-
teresting to observe that, at low multipoles, the R2−2R model has a smaller amplitude,
which goes in the direction indicated by the data, although of course in this region cosmic
variance dominates. A similar result has been shown in [54] (although without performing
parameter estimation for the model).
The conclusion of this analysis is that these non-local models, and particularly the
gµν2
−1R model, fit the present cosmological data as well as ΛCDM, and in fact even
slightly better if H0 will turn out to have a high value. Both models have the same
number of parameters as ΛCDM, and in this sense they are quite unique, among the
vast literature on modified gravity models. To the best of our knowledge, there is no
other model that is competitive with ΛCDM from the point of view of fitting current
observations (at a level of accuracy which tests not only the background evolution but also
the cosmological perturbations of the model), without being an extension of ΛCDM with
extra free parameters. This non-local approach therefore seems to provide an interesting
new line of attack to the problem of finding a dynamical explanation for dark energy.
From the point of view of the analysis of cosmological data, these non-local models also
provide a welcome competitors, against which we can test the validity of ΛCDM.
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Figure 1: The separate 1σ and 2σ contours for CMB, BAO and SNe in the plane (H0,Ωc).
Top: the gµν2
−1R model (labeled RT). Bottom: the R2−2R model (labeled RboxR).
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Figure 2: The likelihood for ωb, ωc, ns and H0, for the Planck+BAO+JLA datasets, for
ΛCDM (solid black line), gµν2
−1R (dotted red) and R2−2R (dot-dashed, blue).
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Figure 3: The 1σ and 2σ contours in the (H0, ωc) plane for the three models, using
Planck +JLA+BAO.
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Figure 4: A plot of the Planck data for l(l+1)Cl/(2pi), together with the curves obtained
with the best-fit parameters determined fitting to the Planck +JLA+BAO dataset, for
ΛCDM (solid black line), the gµν2
−1R model (red dashed line, almost indistinguishable
from the black line) and the R2−2R model (blue, dot-dashed).
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